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We propose a scheme for using spin chain to realize an ideal channel of long distance entanglement.
The results show that there has different entanglement in different Hilbert subspace, the anisotropic
parameter ∆ will frustrate the entanglement and the magnetic field affect the entanglement through
changing the ground state, the boundary entanglement C1N has the simplest expression in the
simplest subspace and it only depend on the first item of the ground state, that item can be
increased when a local magnetic field is introduced. Our propose can be handled easily because it
only needs a uniform XX open chain initialized in the simplest Hilbert subspace and a bulk magnetic
field that absent for the boundary qubits.
PACS numbers: 03.65.Ud, 05.50+q, 75.10.Jm
Introduction. −Quantum entanglement has played an
important role in modern physics, for example, it is used
to test some fundamental questions of the quantum me-
chanics [1] and to act a central role in quantum informa-
tion processing, like teleportation [2], super-dense cord-
ing [3], quantum computational speed-ups [4, 5], quan-
tum cryptographic protocols [6, 7], one-way quantum
computation [8] and so on. It is also widely used in
sensitive interferometric measurements [9, 10, 11, 12]
and studying strongly correlated quantum systems [13].
Especially, the ground-state entanglement can be re-
lated to quantum phase transition [14], Mott insulator-
superfluid transition and quantum magnet-paramagnet
transition. All of the applications of entanglement are
closely dependent on how to produce it. Now, there are
many physical systems suggested to realize entanglement
[15, 16, 17, 18, 19, 20].
Spin chain is a nature candidate for producing pair-
wise entanglement. It has been used to quantum in-
formation processing [21, 22, 23, 24, 25, 26]. For the
pairwise entanglement, most of works focused on the en-
tanglement between the nearest pair, which is basic and
will help us to deeply understand the character of en-
tanglement, and looked the ways to control and maxi-
mize the entanglement, the effectively controlled factors
include temperature, interchange coupling [23, 27], mag-
netic field and system impurity [28, 29, 30]. The ideal
entanglement can be realized for the nearest pair, while
the nearest pairwise entanglement is not enough for the
practical applications because its short distance. Gener-
ally speaking, in solid system the entanglement between
a pair decreases quickly as the increase of distance, so
the works about non-nearest pairwise entanglement is
scarce comparing with that of nearest, every non-nearest
ideal entanglement will take great contribution to appli-
cation of entanglement. There exist entanglement be-
tween the next-nearest-neighbor qubits in the transverse
Ising model, but the maximal value of entanglement is
about 4.3 × 10−3[14]. A scheme is proposed for using
a five-qubit open chain with magnetic and system im-
purities to realize a boundary entanglement with max-
imal value of 12 [31]. Another scheme is proposed for
realizing an ideal boundary entanglement in four-qubit
open chain with symmetry interaction [32]. Venuti et al.
[33] propose a scheme with a “strong-weak-strong-weak-
. . . ” nearest interaction (dimerization) and a uniform
next nearest interaction to realize a long-distance entan-
glement in spin system and further propose it to qubit
teleportation and transfer. The starting point of those
works is analyzing the affect of the interaction to the en-
tanglement, their different lies in their analytical method.
The aim of this paper is to study how the interac-
tion affect the non-nearest pairwise entanglement, espe-
cially the boundary entanglement in the open chain. We
will analyze the corresponding results then use them as
guidance to construct a practicable ideal channel of long-
distance entanglement. The Hamiltonian of Heisenberg
XXZ open chain with impurity is
H =
N−1X
i=1
Ji(σ
+
i σ
−
i+1+σ
+
i+1σ
−
i )+
∆
2
N−1X
i=1
σzi σ
z
i+1+
NX
i=1
Biσ
z
i . (1)
where Ji is the interaction between the i-th and (i+1)-th
qubits, ∆ is the anisotropic parameter, Bi is the magnetic
field, σ± = 12 (σ
x±iσy), σx, σy, σz are the Pauli matrices.
The analytical tool in this paper is the concurrence
theory [34, 35], Cij denotes the pairwise entanglement
between the i-th and j-th qubits, which ranges from 0 to
1 is monotonous to the entanglement.
Three-qubit Heisenberg XXZ open Chain in the uni-
form Magnetic Field. −When the interaction Ji and
the magnetic field Bi are uniform, the eigenvalues of
the system are E0,7 = ∆ ∓ 3B,E1,4 = ±B,E2,5 =
−∆+2 ±B,E3,6 = −∆−2 ±B, where ∆± = ∆±
√
8J2 +∆2
2and the corresponding eigenvectors are
|ψ0 > = |000 >, |ψ7 >= |111 >,
|ψ1 > = (−|001 > +|100 >)/
√
2,
|ψm > = cm1(|001 > +|100 >) + cm2|010 > (m = 2, 3),
|ψ4 > = (−|011 > +|110 >)/
√
2,
|ψn > = cn1(|011 > +|110 >) + cn2|101 > (n = 5, 6), (2)
where c21 = c51 =
∆
−√
2∆2
−
+16J2
, c22 = c52 =
4J√
2∆2
−
+16J2
,
c22 = c52 =
4J√
2∆2
−
+16J2
c31 = c61 =
∆+√
2∆2
+
+16J2
and
c32 = c62 =
4J√
2∆2
+
+16J2
.
Using the concurrence theory, the entanglement be-
tween the boundary qubits C13 can be obtained. The
expression of C13(B, T, J,∆) is tedious, the numerical re-
sults show that the anisotropic parameter will frustrate
the entanglement, and there exist a critical magnetic
field for C13, this phenomena comes from the change
of ground state as the magnetic field variety. When
3∆+
√
8J2+∆2
4 < B, the ground state is |ψ0 >, C13 = 0;
when 0 < B < 3∆+
√
8J2+∆2
4 , the ground state is |ψ2 >,
C13 = 2c
2
21 =
(∆−√8J2+∆2)2
8J2+(∆−√8J2+∆2)2 . For more clearly, we
plotted the phase diagram of the ground state and the
concurrence C13(B) for some certain ∆:
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Figure 1. (a) The phase diagram of the ground state, the shading
is |ψ2 > and the blank is |ψ0 >; (b) the concurrence C13(B) for
different ∆.
When the ground state is |ψ2 >, C13 decreases as the
increase of ∆, when ∆ = 0, C13 =
1
2 , when ∆ = 1, C13 =
1
3 , when ∆≫ J, C13 = 0. i.e. the magnetic field can be
used to switch “on” and “off” the entanglement. From
(b) of Figure 1. we see that the interval of B (in which
the entanglement exist) increases as the increase of ∆,
that is to say, the large interval of entanglement existing
is based on the decrease of entanglement. When B =
0, the ground states are |ψ2 > and |ψ5 > (duplicate
degeneracy), C13 = max{2c221 − c222, 0} = 0.
Four-qubit Heisenberg XXZ Open Chain in the uniform
Magnetic Field. −As three qubit case, when Ji and Bi
are uniform the eigenvectors can be constructed as
|ψ0 > = |0000 >, |ψ15 >= |1111 >,
|ψm > = cm1(|0001 > +eiαm1 |1000 >)
+cm2(|0010 > +eiαm2 |0100 >) (m = 1, 2, 3, 4),
|ψn > = cn1(|1110 > +eiαn1 |0111 >)
+cn2(|1011 > +eiαn2 |1000 >) (n = 5, 6, 7, 8),
|ψk > = ck1(|0011 > +eiαk1 |1100 >)
+ck2(|0101 > +eiαk2 |1010 >)
+ck3(|1001 > +eiαk3 |0110 >)
(k = 9, 10, 11, 12, 13, 14), (3)
where the parameters cij , αij (0, pi) are determined by
H |ψ >= E|ψ > and the normalization condition.
The results of four-qubit case is similar as that of
three-qubit, the magnetic field change the entanglement
through changing the ground state. The entanglement in
the ground state is the maximal. We picked out the pos-
sible ground states and their eigenvalues: |ψ0 > (E0 =
3∆
2 −4B), |ψ1 > (the state in |ψm > with minimal eigen-
value E1 = − 12 (4B+J+
√
5J2 + 2J∆+∆2)), |ψ9 > (the
state in |ψk > with minimal eigenvalue E9, which can be
obtained for concrete ∆ and J) and plotted the phase
diagram of the ground state and the concurrence C14(B)
for some certain ∆ in Figure 2.
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Figure 2. (a) The phase diagram of the ground state; (b) the
concurrence C14(B) for different ∆.
The maximal value of C14 for different ∆ and ground
state are shown in Table 1.
Table 1. The entanglement C14 in the ground state, “GS(E)”
instead of the ground state (eigenvalue).
∆ B GS(E) C14max
0 0 ≤ B <
√
5−1
4
|ψ9 > (−
√
5) 0.0472
√
5−1
4
< B <
√
5+1
4
|ψ1 > 0.2764√
5+1
4
< B |ψ0 > 0
0.5 0 ≤ B < 0.48 |ψ9 > (−2.712) 0
0.48 < B < 1.25 |ψ1 > 0.2
1.25 < B |ψ0 > 0
1 0 ≤ B < 0.66 |ψ9 > (−3.232) 0
0.66 < B < 1.70 |ψ1 > 0.1464
1.70 < B |ψ0 > 0
2 0 ≤ B < 1.04 |ψ9 > (−4.372) 0.0149
1.04 < B < 2.65 |ψ1 > 0.084
2.65 < B |ψ0 > 0
3When the ground state is |ψ1 >, C14 = 2c211 will decrease
as the increase of ∆. When the ground state is |ψ9 >, C14
is complex as the variety of ∆: C14 = 0.0472 if ∆ = 0;
C14 = 0 if 0 < ∆ < 1; C14 increases as the increase of ∆
if 1 < ∆ < 7, C14 decreases as the increase of ∆ if 7 < ∆,
the maximal value is about 0.063.
Heisenberg XX Open Chain with system impurity as
an “ideal” entanglement channel. −From the conclusion
of three- and four-qubit cases, we see that the boundary
entanglement obtain its maximal value at ∆ = 0 then de-
crease as the increase of ∆. The uniform magnetic field
can change the ground state and the corresponding en-
tanglement. So in this section we no longer consider the
anisotropy parameter ∆ and the magnetic field Bi, XXZ
model degenerate into XX model and we also suppose
that all the degeneracy are eliminated.
For convenience, we use total spin to sign the ground
state in different Hilbert subspace, if the ground state
has k spin up and N − k spin down, then total spin
ST =
N−k
2 − k2 = N−2k2 . For example, the total spin of
|ψ0 >, |ψm >, |ψk >, |ψn > and |ψ15 > in Eq. (3) is
2, 1, 0,−1 and −2 respectively. Because the symmetry of
spin chain, we only consider the ground state with total
spin ST =
N
2 ,
N
2 −1,−N2 −2, . . . ,
N−2[N
2
]
2 , the correspond-
ing dimension are CNN , C
1
N , C
2
N . . . C
[N
2
]
N respectively.
ST =
N
2 is a trivial subspace with dimension C
N
N = 1,
in the other subspace, ST =
N
2 − 1 with the minimal
dimension C1N = N is the simplest, while ST =
N−2[N
2
]
2
is the most complex. The entanglement of the system is
bounded by the ground state entanglement of the sub-
space.
Without ∆ and B, the only interaction left in Eq. (1)
is the exchange hopping Ji, i.e. H =
∑N−1
i=1 Ji(σ
+
i σ
−
i+1+
σ+i+1σ
−
i ). The case of N=4 is discussed thoroughly in
Ref. [? ]. Here we study it in the Hilbert subspace. Let
J1 = J3 = 1, J2 = J , for the ground state with ST = 1
(i.e. |ψm > in Eq. (3), one spin up), C14(1) = 2c211 =
2(J−√4+J2)2
2(J−√4+J2)2+2(2)2 =
J2−J√4+J2+2
J2−J√4+J2+4 , C14(1)max =
1
2 when
J → 0; for the ground state with ST = 0 (i.e. |ψk >
in Eq. (3), two spin up), C14(0) = 2(|2c91c92| − c293) =
J
√
J2+4−2
J2+4 , C14(0)max → 1 if J is large enough.
For N = 5, let J1 = J4 = 1, J2 = J3 = J . Calcu-
lations show that C15(
3
2 ) =
1
2+4J2 will get its maximal
1
2 when J → 0, the analytical result of C15(12 ) can not
be obtained, the numerical results show that C15(
1
2 )→ 1
when J →∞.
When N=6, let J1 = J5 = 1, J2 = J3 = J4 = J . The
analytical result of C16 at the ground state with ST =
2, 1, 0 can not be figured out. Numerical results show
that C16(2)max → 12 when J → 0; C16(1)max → 0.055
when J ≈ 2; C16(0)max = 0.8 when J → ∞. If one let
J1 = J5 = 1, J2 = J4 = J and J3 = J
2, C16(0)max = 1
when J is large.
Using this method, one can obtain the boundary en-
tanglement of N-qubit in the case of a matrix with order
(N−1)!
[N
2
]!(N−[N
2
])!
can be manufactured. In fact only N ≤ 15
(when N = 15, the matrix order is 429, great less than
215 = 32768) case can be calculated. Although the ideal
entanglement spin channel with interaction Ji = JN−i =
J i−1 can be realized, this propose has great disadvantage
when N is large, because realizing a very strong interac-
tion is very difficult. This channel is practicable only for
a short distance entanglement.
A really ideal entanglement channel −A really ideal
entanglement channel must be enough long and easy to
manipulate. For the system with Eq. (1), the affect of
∆, Ji and the uniform magnetic field to the entanglement
has been discussed in the above sections. They have no
direct contribution to realize ideal entanglement channel.
In the Hilbert subspace of N-qubit Heisenberg XX open,
the simplest subspace is ST =
N
2 −1 except for the trivial
cast ST =
N
2 , such a subspace can be really manipulated
when N is enough large, so we choose such a subspace
as a candidate for studying the boundary entanglement
(C1N = 2c
2
m1), the most important thing is to distinguish
the component cm1(|1 > +eiαm1 |N >) (m = 1, 2, . . . , N)
with the others, a good idea is to introduce the nonuni-
form magnetic field, in which the simplest case is to ab-
sent the magnetic field for the boundary qubits. So the
Hamiltonian of the system can be written as
H = J
N−1∑
i=1
(σ+i σ
−
i+1 + σ
+
i+1σ
−
i ) +B
N−1∑
i=2
σzi . (4)
The initial state of the system is prepared as the
first qubit to be spin up and the others spin down.
Since the Hamiltonian commutes with the total spin
component along the z direction, the relevant Hilbert
subspace must be spanned by the states |j >=
|01, 02, . . . , 0j−1, 1j , 0j+1, . . . , 0N > with j = 1, . . . , N .
So the eigenvectors of the system can be written as
|ψm > =
kX
j=1
cmj(|j > +eiαmj |N + 1− j >), N = 2k (5)
|ψm > =
kX
j=1
cmj(|j > +eiαmj |N + 1− j >)
+cm,k+1|k + 1 >,N = 2k + 1 (6)
where cmj , αmj ( or pi), j = 1, 2, . . . , k, m = 1, 2, . . . , N ,
are the parameters determined by H |ψ >= E|ψ > and
the normalization condition. Because N = 2k is simpler
than N = 2k+ 1, so we only consider even N case in the
following discussion.
The maximal entanglement is determined by the
ground state, suppose |ψ1 > is the ground state, then
C1N = 2c
2
11 will approximate to 1 if
∑k
i=2 c
2
1i ≪ c211.
For N = 2k case, one need to solve two k × k matrix,
4they are
M± =


x1 J 0 . . . 0 0 0
J x J . . . 0 0 0
0 J x . . . 0 0 0
...
...
...
. . .
...
...
...
0 0 0 . . . x J 0
0 0 0 . . . J x J
0 0 0 . . . 0 J x± J


k×k
(7)
with x1 = −(2k − 2)B, x = −(2k − 4)B and find its
eigenvalues and eigenvectors. Only k=2 case can be
calculated exactly, C14 =
(2B−J+√4B2−4BJ+5J2)2
(2B−J+√4B2−4BJ+5J2)2+(2J)2 ,
which is great than 0.99 if B/J > 5, C14 = 0.2764 if
B = 0. When k ≥ 3, one can only obtain the numeri-
cal result of C1N , fortunately, the numerical results show
that the parameters in the ground state |ψ1 > satisfy
|c1i|
|c1,i+1| =
2B
J
= β, C1N = 2c
2
11 =
β2k(β2−1)
β2(β2k−1) , which is
great than 0.99 if β > 10. Details can be seen from Fig-
ure 3.
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Figure 3. (a) The diagram of C14 with B/J ; (b) The diagram of
C1N with 2B/J = β.
In theory, the length of ideal entanglement channel can
be infinite when 2B/J is large enough. As the increase
of N, the eigenvalue different between the ground state
and excited states will be smaller and smaller.
Conclusions −The results for three- and four-qubit
cases can tell us the affect of the anisotropic parameter ∆
and Bi to the entanglement: ∆ will frustrate the bound-
ary entanglement; the affect of Bi to entanglement is to
eliminate the degeneracy and change the ground state. In
fact we can use same method to calculate N(≤15)-qubit
cases, the present results are still valid.
For the Heisenberg XX open chain with nonuniform
symmetry interaction Ji = JN−i = J i−1 and J is large
enough, the ideal entanglement can be realized in the
most complex subspace, this conclusion has more theo-
retical meaning than its application’s, while it is a good
candidate if one needs a not too long distance entangle-
ment.
For the Heisenberg XX open chain with uniform inter-
action J and a bulk magnetic field (the boundary qubits
are out of the magnetic field), the long distance ideal en-
tanglement can be realized in the simplest Hilbert sub-
space. Our scheme needs two conditions, they are a uni-
form XX open with interaction J initialized in the sim-
plest Hilbert subspace and a bulk magnetic field B absent
for the boundary qubits. Under these conditions C1N will
be great than 0.99 if B/J > 5 for any even N. A uniform
interaction chain is easier to realize than a chain with a
“strong-weak-strong-weak-· · ·−” nearest interaction and
a uniform next nearest interaction, in this aspect our
scheme is simpler than that of Venuti et al.’s [33]. If our
scheme can be realized in experiment, then teleportation
in a solid system will become reality.
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